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GLOBAL STRONG SOLUTIONS TO THE PLANAR
COMPRESSIBLE MAGNETOHYDRODYNAMIC EQUATIONS
WITH LARGE INITIAL DATA AND VACUUM
JISHAN FAN, SHUXIANG HUANG, AND FUCAI LI
Abstract. This paper considers the initial boundary problem to the pla-
nar compressible magnetohydrodynamic equations with large initial data and
vacuum. The global existence and uniqueness of large strong solutions are
established when the heat conductivity coefficient κ(θ) satisfies
C1(1 + θ
q) ≤ κ(θ) ≤ C2(1 + θ
q)
for some constants q > 0, and C1, C2 > 0.
1. Introduction
Magnetohydrodynamics (MHD) studies the dynamics of conducting fluids in an
magnetic field. The MHD finds its way in a very wide range of physical objects, from
liquid metals to cosmic plasmas, for example, see [3, 19, 24, 26, 30]. The governing
equations of compressible planar magnetohydrodynamic flows, which implies that
the flows are uniform in the transverse directions, take the following form:
ρt + (ρu)x = 0, (1.1)
(ρu)t +
(
ρu2 + P +
1
2
|b|2
)
x
= (λux)x, (1.2)
(ρw)t + (ρuw− b)x = (µwx)x, (1.3)
bt + (ub−w)x = (νbx)x, (1.4)
(ρe)t + (ρue)x − (κex)x = λu2x + µ|wx|2 + ν|bx|2 − Pux, (1.5)
where ρ ≥ 0 denotes the density of the flow, u ∈ R the longitudinal velocity, w ∈ R2
the transverse velocity, b ∈ R2 the transverse magnetic field, and e the internal
energy, respectively. Both the pressure P and the internal energy e are generally
related to the density and temperature of the flow according to the equations of
state: P = P (ρ, θ) and e = e(ρ, θ). The parameters λ = λ(ρ, θ) and µ = µ(ρ, θ)
denote the bulk and the shear viscosity coefficients, respectively; ν = ν(ρ, θ) is the
magnetic diffusivity acting as a magnetic diffusion coefficient of the magnetic field,
and κ = κ(ρ, θ) is the heat conductivity.
The system (1.1)–(1.5) are supplemented with the following initial and boundary
conditions:
(u,w,b, θx)|∂Ω = 0, (1.6)
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(ρ, u,w,b, θ)|t=0 =
(
ρ0(x), u0(x),w0(x),b0(x), θ0(x)
)
, (1.7)
where ∂Ω = {0, 1} denotes the boundary of the interval Ω := (0, 1). The conditions
(1.6) mean that the boundary is non-slip and thermally insulated.
There have been a lot of studies on MHD by physicists and mathematicians
due to its physical importance, complexity, rich phenomena, and mathematical
challenges. Below we mention some mathematical results on existence theory of
the compressible MHD equations, the interested readers can refer [3, 19, 24, 26, 30]
for complete discussions on physical aspects. We begin with the one-dimensional
case. The existence and uniqueness of local smooth solutions were proved firstly
in [35], while the existence of global smooth solutions with small smooth initial
data was shown in [21]. The exponential stability of small smooth solutions was
obtained in [28,31]. In [13,33], Hoff and Tsyganov obtained the global existence and
uniqueness of weak solutions with small initial energy. Under the technical condition
that κ(ρ, θ), depending the temperature θ only, i.e., κ(ρ, θ) ≡ κ(θ), satisfies
C1(1 + θ
q) ≤ κ(θ) ≤ C2(1 + θq), (1.8)
for some constants q ≥ 2 and C1, C2 > 0, Chen and Wang [4] proved the existence,
uniqueness, and Lipschitz continuous dependence of global strong solutions to the
system (1.1)–(1.5) with large initial data satisfying
0 < inf
x∈Ω
ρ0(x) ≤ ρ0(x) ≤ sup
x∈Ω
ρ0(x) <∞; ρ0, u0, w0, b0, θ0 ∈ H1(Ω), inf
x∈Ω
θ0 > 0.
The similar results are obtained in [5, 36] for real gas cases. Recently, Fan, Jiang
and Nakamura [8] obtained the global weak solutions to the problem (1.1)–(1.5)
when the initial data satisfying the condition (1.8) with q ≥ 1 and
ρ−10 , ρ0 ∈ L∞(Ω); ρ0, u0, w0, b0 ∈ L2(Ω); θ0 ∈ L1(Ω), inf
x∈Ω
θ0 > 0.
Later they [9] obtained the existence, the uniqueness and the Lipschitz continuous
dependence on the initial data of global weak solutions to the problem (1.1)–(1.7)
when the initial data lie in the Lebesgue spaces. Recently, Hu and Ju [17] considered
the problem (1.1)–(1.7) under the assumption that the heat conductivity depends
on temperature with
κ(θ) = θq, q > 0, (1.9)
and obtained the existence and uniqueness of global strong solutions with large
initial data. Their methods are different from the one used here. In fact, their
arguments were motivated by the ideas developed by Pan and Zhang [29] where the
global existence of smooth solutions to the 1-d compressible Navier-Stokes equations
with arbitrarily large initial data under the condition (1.9) was obtained..
For the multi-dimensional compressible MHD equations, there are also many
mathematical results on existence of solutions. As mentioned before, Vol’pert and
Hudjaev [35] first obtained the local smooth solutions to the compressible MHD
equations. Li, Su and Wang [25] obtained the existence and uniqueness of local in
time strong solution with large initial data when the initial density has an positive
lower bound. Fan and Yu [11] obtained the strong solution to the compressible
MHD equations with vacuum. Kawashima [20] obtained the smooth solutions for
two-dimensional compressible MHD equations when the initial data is a small per-
turbation of given constant state. Umeda, Kawashima and Shizuta [34] obtained
the decay of solutions to the linearized MHD equations. Li and Yu [27] obtained
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the optimal decay rate of small smooth solutions. In [14, 15], Hu and Wang ob-
tained the global existence of weak solutions to the isentropic compressible MHD
equations and variational solutions to the full compressible MHD equations, see
also [7,10,39] for related results. Suen and Hoff [32] obtained the global low-energy
weak solutions of the isentropic compressible MHD equations.
It should be pointed out that although there are many progress on compressible
MHD equations it is still an open question in obtaining the global strong or smooth
solutions to the full compressible MHD equations with large initial data and possible
vacuum even in the one dimensional case, see [15].
In the present paper we study the global existence and uniqueness of large strong
solutions to the planar compressible magnetohydrodynamic equations (1.1)-(1.5)
with large initial data and vacuum. We focus on the perfect gas case:
P (ρ, θ) := Rρθ, e := CV θ,
where R > 0 is the gas constant and CV > 0 is the heat capacity of the gas at
constant volume. We will consider the case that the coefficients λ, µ, and ν are
positive constants and the heat conductivity coefficient depends on the temperature
θ only, i.e., κ(ρ, θ) ≡ κ(θ).
The main result in this paper reads as follows.
Theorem 1.1. Let κ ∈ C2[0,∞) satisfies the condition (1.8) for some q > 0.
Suppose that the initial data (ρ0, u0,w0,b0, θ0) satisfy ρ0 ≥ 0, θ0 ≥ 0, ρ0 ∈
H2(Ω), u0 ∈ H10 (Ω) ∩H2(Ω),w0,b0 ∈ H10 (Ω) ∩H2(Ω), θ0 ∈ H2(Ω), (θ0)x|∂Ω = 0
and the following compatibility condition:

λ(u0)xx −
(
ρ0θ0 +
1
2 |b0|2
)
x
=
√
ρ0 g1,
µ(w0)xx − (b0)x = √ρ0 g2,(
κ(θ0)(θ0)x
)
x
+ [(u0)x]
2 + |(w0)x|2 + |(b0)x|2 = √ρ0 g3,
(1.10)
for some g1,g2, g3 ∈ L2(Ω). Then, for any T > 0, there exists a unique global
solution (ρ, u,w,b, θ) to the problem (1.1)–(1.7) such that
ρ ∈ L∞([0, T ];H2(Ω)), ρt ∈ L∞([0, T ];H1(Ω)),
(u,w,b, θ) ∈ L∞(0, T ;H2(Ω)) ∩ L2(0, T ;H3(Ω)),
(
√
ρut,
√
ρwt,bt,
√
ρθt) ∈ L∞(0, T ;L2(Ω)),
(ut,wt,bt, θt) ∈ L2(0, T ;H1(Ω)).
There are two ingredients in our result comparing with the previous results on
one-dimensional MHD equations mentioned above. First, in our result the initial
density may contain the vacuum provided that it satisfies the compatible conditions
(1.10). Next, a relaxed condition on the heat conductivity coefficient is permitted.
In fact, in (1.8), we only need q > 0 while in [4, 5, 36] required q ≥ 2 and in [8]
with q ≥ 1. We point out that the assumption q > 0 paly a crucial role in our
arguments, see Lemmas 2.3, 2.5, 2.7, and 2.9 below.
Remark 1.1. As has been observed in [6], the lack of a positive lower bound of
ρ0 should be compensated with some conditions on the initial data (ρ0,w0, b0, θ0).
Roughly speaking, the compatibility condition (1.10) is equivalent to the L2-integrability
of
√
ρut,
√
ρwt, and
√
ρθt at t = 0, as can be shown formally by letting t → 0 in
(1.2), (1.3), and (1.5). Hence the condition (1.10) plays a key role in the estimates
of (
√
ρut,
√
ρwt,bt,
√
ρθt). This was observed and justified rigorously in [6] for
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viscous polytropic fluids. Note that the condition (1.10) is satisfied automatically
for all initial data (ρ0, u0,w0,b0, θ0) with the regularity presented in Theorem 1.1
whenever ρ0 is bounded away from zero.
Remark 1.2. It is possible to extend our results to the one-dimensional compress-
ible MHD system with more general state of equations:
P = ρ2
∂e
∂ρ
+ θ
∂P
∂θ
with some additional assumptions.
Remark 1.3. When there is no vacuum initially, we can improve the results in [8]
to the case q > 0 by applying the arguments developed here.
We remark that when taking w = b = 0 the system (1.1)–(1.7) reduces to
the well-known one-dimensional full Navier-Stokes equations and there are a lot of
studies on this system. In the case of that the initial density is bounded away from
zero, Kazhikhov and Shelukhin [23] first obtained the global smooth solutions for
large initial data three decades ago,see also [1, 22, 40, 41] for different extensions.
Recently, Huang and Li [18] obtain the global smooth solutions to the full Navier-
Stokes system with possible vacuum and large oscillations provided that the total
initial energy is sufficient small. Wen and Zhu obtained the global smooth solutions
to the one-dimensional full Navier-Stokes system [37] and symmetric higher dimen-
sional full Navier-Stokes system [38] with large initial data. For the variational or
weak solutions to the full Navier-Stokes system, see [2, 12].
We give a few words on the strategy of the proof. Since the initial data may
contains the vacuum we first construct the regularized initial density ρ0δ(x) = ρ0+δ
for any δ > 0. Next, for each fixed δ, we can obtain the local and uniqueness exis-
tence of strong solutions. Third, we establish sufficient a priori estimates uniformly
with δ. Combining the local existence result, and the uniformly a priori estimates,
we obtain the desired global existence result by taking the limiting as δ → 0+ and
applying standard continuity argument. We remark that the key point in the whole
proof is to obtain uniformly a priori estimates where some ideas developed in [37,38]
are adapted. Comparing with [37], the main additional difficulties are due to the
presence of the magnetic field and its interaction with the hydrodynamic motion of
the flow of large oscillation. We shall deal with the terms involving the magnetic
field very carefully, see especially Lemmas 2.5-2.7 below.
Before leaving this introduction we recall the following auxiliary inequalities.
Lemma 1.2 ( [12, 37]). Let Ω = (0, 1) be an interval in R1.
(i). Assume that ρ is a non-negative function satisfying
0 < M ≤
∫
Ω
ρ dx ≤ K,
for two constants M and K. Then, for any v ∈ H1(Ω), it holds
‖v‖L∞(Ω) ≤
K
M
‖vx‖L2(Ω) +
1
M
∣∣∣∣
∫
Ω
ρvdx
∣∣∣∣ ,
(ii) Assume further that v satisfies
‖ρv‖L1(Ω) ≤ C¯.
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Then for any r > 0, there exists a positive constant C = C(M,K, r, C¯) such that
‖vr‖L∞(Ω) ≤ C‖(vr)x‖L2(Ω) + C.
2. Proof of Theorem 1.1
In this section we will prove Theorem 1.1 by consider the initial density ρ0δ =
ρ0 + δ, as mentioned before, to get a sequence of approximate solutions to (1.1)–
(1.7), then taking δ → 0+ after making some a priori estimates uniformly for δ.
Since the proof of the local existence and uniqueness of strong solutions to the
approximate problem is now standard [6, 11], thus we only need to establish the
uniform estimates.
Below we still use (ρ, u,w,b, θ) to denote the smooth solutions of approximate
problem to (1.1)–(1.7). We shall denote QT := Ω× [0, T ] with T > 0 and omit the
spatial domain Ω in integrals for convenience. We use C to denote the constants
which are independent of δ, but possible depending on T , and may change from
line to line.
To begin with the proof, we notice that the total mass and energy in the system
(1.1)–(1.5) are conserved. In fact, by rewriting (1.1)–(1.5) one has
Et +
[
u
(
E + P + 1
2
|b|2
)
−w · b
]
x
= (λuux + µw ·wx + νb · bx + κ(θ)θx)x,
(2.1)
(ρS)t + (ρuS)x −
(
κ(θ)
θ
θx
)
x
=
λu2x + µ|wx|2 + ν|bx|2
θ
+
κ(θ)θ2x
θ2
, (2.2)
where E and S are the total energy and the entropy, respectively,
E := ρ
(
θ +
1
2
(u2 + |w|2)
)
+
1
2
|b|2, S := ln θ − ln ρ.
Integrating (1.1), (2.1) and (2.2) over QT , we have
Lemma 2.1.∫
ρ(x, t)dx =
∫
ρ0(x)dx,
∫
E(x, t)dx =
∫
E(x, t = 0)dx,∫
(ρ ln ρ+ ρ| ln θ|)(x, t)dx +
∫∫
QT
(
u2x + |wx|2 + |bx|2
θ
+
κ(θ)θ2x
θ2
)
dxdt ≤ C.
Lemma 2.2.
0 ≤ ρ(x, t) ≤ C, (x, t) ∈ QT . (2.3)
Proof. We need only to estimate the upper bound. The proof is similar to that
in [8], here we present it for completeness. From (1.1) and (1.2), we have
(ρu)t = P˜x, P˜x := λux − ρu2 − P − 1
2
|b|2.
Denote
φ :=
∫ t
0
P˜ (x, τ)dτ +
∫ x
0
ρ0(ξ)u0(ξ)dξ,
we have
φx = ρu, φt = P˜ , φx|∂Ω = 0, φ|t=0 =
∫ x
0
ρ0(ξ)u0(ξ)dξ. (2.4)
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By virtue of Lemma 2.1 and Cauchy inequality, it holds
‖φx‖L∞(0,T ;L1(Ω)) ≤ C,
∣∣∣ ∫ φdx∣∣∣ ≤ C.
Hence
‖φ‖L∞(0,T ;L∞(Ω)) ≤ C. (2.5)
Now, denoting F := eφ and using (2.4), we have after a straightforward calcula-
tion that
Dt(ρF ) := ∂t(ρF ) + u∂x(ρF ) = −
(
P +
1
2
|b|2
)
ρF ≤ 0,
which together with (2.5) implies (2.3) immediately. 
Lemma 2.3. Let 0 < α < min{1, q} be any given constant, then it holds∫∫
QT
(
λu2x + µ|wx|2 + ν|bx|2
θα
+
(1 + θq)θ2x
θ1+α
)
dxdt ≤ C, (2.6)
∫ T
0
‖θ‖q−α+1L∞ dt ≤ C. (2.7)
Proof. The proof is similar to that given in [38] for symmetric Navier-Stokes equa-
tions, we present it here for completeness. Multiplying (1.5) by θ−α and integrating
the result over QT , we have∫∫
QT
λu2x + µ|wx|2 + ν|bx|2
θα
dxdt+ α
∫∫
QT
κ(θ)θ2x
θ1+α
dxdt
=
∫∫
QT
{(ρθ)t + (ρuθ)x + Pux}θ−αdxdt. (2.8)
Using (1.1), Lemma 2.1, and Young’s inequality, the first two terms on the right-
hand side of (2.8) can be bounded as∫∫
QT
{(ρθ)t + (ρuθ)x}θ−αdxdt =
∫∫
QT
(ρθtθ
−α + θxρuθ
−α)dxdt
=
1
1− α
∫∫
QT
[(ρθ1−α)t + (ρuθ
1−α)x]dxdt
=
1
1− α
[∫
ρθ1−αdx −
∫
ρ0θ
1−α
0 dx
]
≤ 1
1− α
∫
ρθ1−αdx
≤ C
1− α
[∫
ρθdx+
∫
ρdx
]
≤C. (2.9)
By Cauchy inequality, Lemmas 2.1 and 2.2, we have∫∫
QT
Puxθ
−αdxdt ≤λ
2
∫∫
QT
u2x
θα
dxdt+ C
∫∫
QT
ρ2θ2−αdxdt
≤λ
2
∫∫
QT
u2x
θα
dxdt+ C
∫ T
0
‖θ‖1−αL∞ dt. (2.10)
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Noticing 0 < α < min{1, q}, the Ho¨lder inequality and Lemma 1.2 imply that
C
∫ T
0
‖θ‖1−αL∞ dt ≤C +
∫ T
0
‖θ−αθx‖L2dt
≤C + C
∫ T
0
(∫
θ2xθ
1−α
θ1+α
dx
)1/2
dt
≤C + α
2
∫∫
QT
κ(θ)θ2x
θ1+α
dxdt (2.11)
for q ≥ 1− α, while
C
∫ T
0
‖θ‖1−αL∞ dt ≤C +
∫ T
0
‖θ−αθx‖L2dt
≤C + C
∫ T
0
(∫
θqθ2x
θ1+α
θ1−α−qdx
)1/2
dt
≤C + α
2
∫∫
QT
κ(θ)θ2x
θ1+α
dxdt+ C˜
∫ T
0
‖θ‖1−α−qL∞ dt
≤C + α
2
∫∫
QT
κ(θ)θ2x
θ1+α
dxdt+
C
2
∫ T
0
‖θ‖1−αL∞ dt (2.12)
for 0 < q < 1− α.
Putting (2.9)-(2.12) into (2.8) implies (2.6). By (2.11), (2.12), and (2.6), we can
easily get (2.7). 
Lemma 2.4. ∫∫
QT
(λu2x + µ|wx|2 + ν|bx|2)dxdt ≤ C. (2.13)
Proof. Multiplying (1.2) by u, using (1.1), and integrating the result over Ω, we see
that
1
2
d
dt
∫
ρu2dx+
∫
λu2x dx =
∫
Pux dx−
∫
ub · bxdx. (2.14)
Similar, multiplying (1.3) by w, using (1.1), and integrating the result over Ω, we
obtain
1
2
d
dt
∫
ρ|w|2dx+
∫
µ|wx|2dx =
∫
bx ·wdx = −
∫
b ·wxdx. (2.15)
Multiplying (1.4) by b and then integrating them over Ω, we infer that
1
2
d
dt
∫
|b|2dx+
∫
ν|bx|2dx =
∫
b ·wxdx+
∫
ub · bxdx. (2.16)
Summing up (2.14), (2.15) and (2.16), using (2.3) and (2.7), we get
1
2
d
dt
∫
(ρu2 + ρ|w|2 + |b|2)dx+
∫
(λu2x + µ|wx|2 + ν|bx|2)dx =
∫
Pux dx.
(2.17)
By Young inequality, Lemmas 2.1 and 2.2, the estimate (2.7), and the condition
that 0 < α < min{1, q}, we have∫∫
QT
Pux dxdt ≤C
∫∫
QT
ρ2θ2dxdt+
1
2
∫ T
0
‖ux‖2L2dt
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≤C
∫ T
0
‖θ‖L∞dt+ 1
2
∫ T
0
‖ux‖2L2dt
≤C + C
∫ T
0
‖θ‖q−α+1L∞ dt+
1
2
∫ T
0
‖ux‖2L2dt
≤C + 1
2
∫ T
0
‖ux‖2L2dt.
Integrating (2.17) over [0, T ] and applying the above inequality give (2.13). 
Lemma 2.5.∫
(λu2x + µ|wx|2 + ν|bx|2 + P 2 + ρθq+2)dx
+
∫∫
QT
(ρu2t + ρ|wt|2 + |bt|2 + ν|bxx|2 + κ2(θ)θ2x)dxdt ≤ C. (2.18)
Proof. Multiplying (1.2) by ut, and then integrating them over Ω, we infer that
1
2
d
dt
∫
u2xdx+
∫
ρu2tdx+
∫
ρuuxutdx
=−
∫ (
P +
1
2
|b|2
)
x
utdx
=
∫ (
P +
1
2
|b|2
)
uxtdx
=
d
dt
∫ (
P +
1
2
|b|2
)
uxdx−
∫ (
P +
1
2
|b|2
)
t
uxdx
=
d
dt
∫ (
P +
1
2
|b|2
)
uxdx−
∫ (
P +
1
2
|b|2
)
t
(
ux − P − 1
2
|b|2
)
dx
− 1
2
d
dt
∫ (
P +
1
2
|b|2
)2
dx. (2.19)
First, by Cauchy inequality and Poincare´ inequality, it is easy to find that∣∣∣∣
∫
ρuuxutdx
∣∣∣∣ ≤ 116
∫
ρu2tdx+ C
∫
ρu2u2xdx
≤ 1
16
∫
ρu2tdx+ C‖ρ‖L∞‖u‖2L∞
∫
u2xdx
≤C + 1
16
∫
ρu2tdx+ C
(∫
u2xdx
)2
. (2.20)
From (1.4) and (1.5), we have(
1
2
|b|2
)
t
+ b · (ub−w)x = (b · bx)x − ν|bx|2, (2.21)
Pt + (uP − κ(θ)θx)x = λu2x + µ|wx|2 + ν|bx|2 − Pux. (2.22)
Using (2.21), (2.22), (1.2), (2.3), and Lemma 2.2, we obtain
−
∫ (
P +
1
2
|b|2
)
t
(
λux − P − 1
2
|b|2
)
dx
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=−
∫ [
λu2x + µ|wx|2 − Pux − b · (ub−w)x
] (
λux − P − 1
2
|b|2
)
dx
+
∫
(κ(θ)θx − uP + b · bx)
(
λux − P − 1
2
|b|2
)
x
dx
=−
∫ [
λu2x + µ|wx|2 − Pux − b · (ub−w)x
] (
λux − P − 1
2
|b|2
)
dx
+
∫
(κ(θ)θx − uP + b · bx) (ρut + ρuux) dx
≤
∫ ∣∣∣λu2x + µ|wx|2 − Pux − b · (ub−w)x ∣∣∣dx
∥∥∥∥λux − P − 12 |b|2
∥∥∥∥
L∞
+ ‖κ(θ)θx − uP + b · bx‖L2
(
‖√ρut‖L2‖ρ‖1/2L1 + ‖ρ‖L∞‖u‖L∞‖ux‖L2
)
≤C
(∥∥∥∥ux − P − 12 |b|2
∥∥∥∥
L1
+
∥∥∥∥
(
λux − P − 1
2
|b|2
)
x
∥∥∥∥
L1
)
×
∫ (
λu2x + µ|wx|2 + P 2 + |b|2 + |b|4 + u2 + |bx|2
)
dx
+ C ‖κ(θ)θx − uP + b · bx‖L2
(‖√ρut‖L2 + C‖ux‖2L2)
≤C
∫ (
λu2x + µ|wx|2 + P 2 + |bx|2
)
dx
{
1 + ‖ux‖L2 + ‖ρut + ρuux‖L1
}
+ C ‖κ(θ)θx − uP + b · bx‖L2
(‖√ρut‖L2 + C‖ux‖2L2)
≤C
{
1 + ‖ux‖4L2 + ‖wx‖4L2 + ‖bx‖4L2 + ‖κ(θ)θx‖2L2
}
+
1
16
‖√ρut‖2L2 . (2.23)
Multiplying (1.3) by wt, using (2.3), and integrating the result over Ω, we derive
µ
2
d
dt
∫
|wx|2dx+
∫
ρ|wt|2dx
=
∫
bx ·wtdx−
∫
ρuwx ·wtdx
=−
∫
b ·wxtdt−
∫
ρuwx ·wtdx
=− d
dt
∫
b ·wxdx+
∫
bt ·wxdx−
∫
ρuwx ·wtdx
≤− d
dt
∫
b ·wxdx+ 1
16
∫
|bt|2dx+ C
∫
|wx|2dx
+
1
16
∫
ρ|wt|2dx+ C‖ux‖4L2 + C‖wx‖4L2. (2.24)
Multiplying (1.4) by bt − νbxx, integrating the result over Ω, and using Cauchy
inequality, we have
d
dt
∫
|bx|2dx +
∫
(|bt|2 + ν|bxx|2)dx
=
∫
(w − ub)x · (bt − νbxx)dx
≤C
∫
|wx|2dx+ C‖ux‖4L2 + C‖bx‖4L2 +
1
16
∫
(|bt|2 + ν|bxx|2)dx. (2.25)
10 JISHAN FAN, SHUXIANG HUANG, AND FUCAI LI
Multiplying (1.5) by θq+1, using (1.8), and integrating the result over Ω, we find
that
d
dt
∫
ρθq+2dx + C
∫
κ2θ2xdx
≤C
∫
(λu2x + µ|wx|2 + ν|bx|2 + P 2)θq+1dx
≤C
∫
(λu2x + µ|wx|2 + ν|bx|2 + P 2)dx‖θq+1‖L∞
≤C
∫
(λu2x + µ|wx|2 + ν|bx|2 + P 2)dx(‖κθx‖L2 + 1)
≤ C
16
‖κθx‖2L2 + C
(∫
(λu2x + µ|wx|2 + ν|bx|2 + P 2)dx
)2
+ C, (2.26)
where we used the estimate:
‖θ‖q+1L∞ ≤ C(1 + ‖κ(θ)θx‖L2) (2.27)
which can be derived from Lemma 1.2 and (1.8).
Combining (2.19), (2.20), (2.23), (2.24), and (2.25) with (2.26), we arrive at
(2.18). 
Lemma 2.6. ∫
(ρ2x + ρ
2
t )dx +
∫∫
QT
(u2xx + |wxx|2)dxdt ≤ C. (2.28)
Proof. Applying the operator ∂x to (1.1) gives
ρxt + ρxxu+ 2ρxux + ρuxx = 0.
Multiplying the above equation by 2ρx, integrating the result over Ω, and using
(2.3) and (2.18), we find that
d
dt
∫
ρ2xdx =− 3
∫
ρ2xuxdx− 2
∫
ρρxuxxdx
=− 3
∫
ρ2x
(
λux − P − 1
2
|b|2
)
dx− 3
∫
ρ2x
(
p+
1
2
|b|2
)
dx
− 2
∫
ρρxuxxdx
≤− 3
∫
ρ2x
(
λux − P − 1
2
|b|2
)
dx
− 2
∫
ρρxuxxdx
≤3
∥∥∥∥λux − P − 12 |b|2
∥∥∥∥
L∞
∫
ρ2xdx+ C‖ρ‖L∞‖ρx‖L2‖uxx‖L2
≤C
(∥∥∥∥λux − P − 12 |b|2
∥∥∥∥
L2
+
∥∥∥∥
(
λux − P − 1
2
|b|2
)
x
∥∥∥∥
L2
)∫
ρ2xdx
+ C‖ρx‖L2‖uxx‖L2
≤C(1 + ‖√ρut‖L2)‖ρx‖2L2 + C‖uxx‖2L2 . (2.29)
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On the other hand, it follows from (1.2) that
‖uxx‖L2 ≤C(‖
√
ρut‖L2 + ‖ρuux‖L2 + ‖Px‖L2 + ‖b · bx‖L2)
≤C(1 + ‖√ρut‖L2 + ‖ux‖2L2 + ‖θx‖L2 + ‖ρx‖L2‖θ‖L∞)
≤C(1 + ‖√ρut‖L2 + ‖ux‖2L2 + ‖κ(θ)θx‖L2 + ‖ρx‖L2‖θ‖L∞). (2.30)
Inserting (2.30) into (2.29), using Lemmas 2.3 and 2.5, (2.27), and the Gronwall
inequality, we have
‖ρx‖L∞(0,T ;L2(Ω)) ≤ C. (2.31)
It follows from (1.1), (2.3), (2.18) and (2.31) that
‖ρt‖L∞(0,T ;L2(Ω)) ≤ C.
Thus (2.30) yields
‖uxx‖L2(0,T ;L2(Ω)) ≤ C.
It follows from (1.3), (2.3), and (2.18) that
‖wxx‖L2(0,T ;L2(Ω)) ≤ C.

Lemma 2.7.∫
(ρu2t + ρ|wt|2 + |bt|2 + u2xx + |wxx|2 + |bxx|2 + κ2(θ)θ2x)dx
+
∫∫
QT
(λu2xt + µ|wxt|2 + ν|bxt|2 + ρθ2t + θ2xx)dxdt ≤ C. (2.32)
Proof. Applying ∂t to (1.2), we see that
ρutt + ρuuxt − λuxxt = −
(
P +
1
2
|b|2
)
xt
− ρtut − ρtuux − ρutux.
Multiplying the above equation by ut, integrating them over Ω, and using (1.1),
Lemmas 2.5 and 2.6, and Cauchy inequality, we obtain
1
2
d
dt
∫
ρu2tdx+
∫
λu2xtdx
=
∫ (
P +
1
2
|b|2
)
t
uxtdx− 2
∫
ρuutuxtdx−
∫
ρtuuxutdx−
∫
ρu2tuxdx
≤
∫
(ρθt + θρt + b · bt)uxtdx+ 2‖√ρut‖L2‖
√
ρ‖L∞‖u‖L∞‖uxt‖L2
+ ‖ρt‖L2‖u‖L∞‖ux‖L2‖ut‖L∞ + ‖ux‖L∞
∫
ρu2tdx
≤ǫ1
∫
u2xtdx+ C
∫
ρθ2t dx+ ‖θ‖2L∞ + ‖bt‖2L2
+ C
∫
ρu2tdx + ‖uxx‖L2
∫
ρu2tdx+ C (2.33)
for any 0 < ǫ1 < 1.
Multiplying (1.5) by κ(θ)θt =
(∫ θ
0 k(ξ)dξ
)
t
, integrating them over Ω, and using
(1.1) and Lemmas 2.5 and 2.6, we deduce that
1
2
d
dt
∫
κ2(θ)θ2xdx+
∫
ρκ(θ)θ2t dx
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=−
∫
ρuθxκ(θ)θtdx−
∫
ρθuxκ(θ)θtdx
+
∫
(λu2x + µ|wx|2 + λ|bx|2)
(∫ θ
0
κ(ξ)dξ
)
t
dx
≤ǫ2
∫
ρκ(θ)θ2t dx+ C
∫
ρu2κ(θ)θ2xdx+ C
∫
ρθ2κ(θ)u2xdx
+
d
dt
∫
(λu2x + µ|wx|2 + ν|bx|2)
∫ θ
0
κ(ξ)dξdx
− 2
∫
(uxuxt +wx ·wxt + bx · bxt)
∫ θ
0
κ(ξ)dξdx
≤ǫ2
∫
ρκ(θ)θ2t dx+ C
∫
κθ2xdx+ C‖ux‖2L∞
∫
ρθ2κdx
+
d
dt
∫
(u2x + |wx|2 + |bx|2)
∫ θ
0
κ(ξ)dξdx
+ C(‖ux‖L2‖uxt‖L2 + ‖wx‖L2‖wxt‖L2 + ‖bx‖L2‖bxt‖L2)
∥∥∥∥∥
∫ θ
0
κ(ξ)dξ
∥∥∥∥∥
L∞
≤ǫ2
∫
ρκ(θ)θ2t dx+ C
∫
κ(θ)θ2xdx+ C(1 + ‖uxx‖2L2)
∫
ρθ2(1 + θq)dx
+
d
dt
∫
(λu2x + µ|wx|2 + ν|bx|2)
∫ θ
0
κ(ξ)dξdx
+ C(‖uxt‖L2 + ‖wxt‖L2 + ‖bxt‖L2)‖θ(1 + θq)‖L∞
≤ǫ2
∫
ρκ(θ)θ2t dx+ ǫ3(‖uxt‖2L2 + ‖wxt‖2L2 + ‖bxt‖2L2)
+ C
∫
κ(θ)θ2xdx+ C(1 + ‖uxx‖2L2)
+
d
dt
∫
(λu2x + µ|wx|2 + ν|bx|2)
∫ θ
0
κ(ξ)dξdx + C‖θ(1 + θq)‖2L∞ , (2.34)
for any 0 < ǫ2, ǫ3 < 1.
Applying the operator ∂t to (1.3) gives
ρwtt + ρuwxt − µwxxt = −ρtwt − ρtuwx − ρutwx + bxt. (2.35)
Multiplying (2.35) by wt, integrating the result over Ω, and using (1.1) and Lemmas
2.5 and 2.6, we have
1
2
d
dt
∫
ρ|wt|2dx+
∫
µ|wxt|2dx
=− 2
∫
ρuwt ·wxtdx −
∫
ρtuwx ·wtdx
−
∫
ρutwx ·wtdx−
∫
bx ·wxtdx
≤2‖√ρwt‖L2‖√ρu‖L∞‖wxt‖L2 + ‖ρt‖L2‖u‖L∞‖wx‖L2‖wt‖L∞
+ ‖√ρwt‖L2‖
√
ρut‖L2‖wx‖L∞ + ‖bx‖L2‖wxt‖L2
≤C‖√ρwt‖L2‖wxt‖L2 + C‖wt‖L∞
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+ C‖√ρwt‖L2‖
√
ρut‖L2‖wxx‖L2 + C‖wxt‖L2
≤ǫ4‖wxt‖2L2 + C + C‖
√
ρwt‖2L2 + C‖wxx‖2L2‖
√
ρut‖2L2 , (2.36)
for any 0 < ǫ4 < 1.
Applying the operator ∂t to (1.4) gives
btt − νbxxt = −(ub−w)xt.
Multiplying the above equation by bt, integrating the result over Ω, and using
Lemma 2.5, we find that
1
2
d
dt
∫
|bt|2dx+
∫
ν|bxt|2dx
=
∫
(ub−w)t · bxtdx
=
∫
(utb+ btu−wt) · bxtdx
≤(‖b‖L∞‖ut‖L2 + ‖u‖L∞‖bt‖L2 + ‖wt‖L2)‖bxt‖L2
≤C(‖ut‖L2 + ‖bt‖L2 + ‖wt‖L2)‖bxt‖L2
≤C(‖uxt‖L2 + ‖bt‖L2 + ‖wxt‖L2)‖bxt‖L2
≤ν
2
‖bxt‖2L2 + C(λ‖uxt‖2L2 + µ‖wxt‖2L2 + ‖bt‖2L2). (2.37)
Combining (2.33), (2.34), (2.27), and (2.36) with (2.37), taking ǫi (i = 1, . . . , 4)
small enough, integrating the resulting inequality over (0, t), then we conclude that∫
(ρu2t+ρ|wt|2+|bt|2+κ2(θ)θ2x)dx+
∫∫
QT
(λu2xt+µ|wxt|2+ν|bxt|2+ρθ2t )dxdt ≤ C.
(2.38)
where we have used the following estimate:∫ t
0
(
d
dt
∫
(λu2x + µ|wx|2 + ν|bx|2)
∫ θ
0
κ(ξ)dξdx
)
dτ
≤
∫
(λu2x + µ|wx|2 + ν|bx|2)dx
∥∥∥∥∥
∫ θ
0
κ(ξ)dξ
∥∥∥∥∥
L∞
+ C
≤C
∥∥∥∥∥
∫ θ
0
κ(ξ)dξ
∥∥∥∥∥
L∞
+ C
≤C
∥∥∥∥∥
(∫ θ
0
κ(ξ)dξ
)
x
∥∥∥∥∥
L2
+ C
≤C‖κ(θ)θx‖L2 + C ≤ ǫ5‖κ(θ)θx‖2L2 + C,
for any 0 < ǫ5 < 1.
It follows from (1.2), (1.3), (1.4), (2.38), and Lemmas 2.5 and 2.6 that∫
(λu2xx + µ|wxx|2 + ν|bxx|2)dx ≤ C.

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Noting the above estimate, (1.5), and (2.38), it follows that
‖θxx‖2L2 ≤C
∫
(θ4x + u
4
x + |wx|4 + |bx|4 + ρθ2t + u2θ2x + θ2u2x)dx
≤C + C
∫
θ4xdx+ C
∫
ρθ2t dx
≤C + C‖θ2x‖L∞
∫
θ2xdx + C
∫
ρθ2t dx
≤C + C‖(θ2x)x‖L1 + C
∫
ρθ2t dx
≤C + C‖θxθxx‖L1 + C
∫
ρθ2t dx
≤C + C‖θxx‖L2 + C
∫
ρθ2t dx,
which yields
‖θxx‖2L2 ≤ C + C
∫
ρθ2t dx. (2.39)
Lemma 2.8. ∫
(ρ2xx + ρ
2
xt)dx +
∫∫
QT
(ρ2tt + u
2
xxx)dxdt ≤ C. (2.40)
Proof. Applying the operator ∂2x to (1.1) gives
ρxxt = −ρxxxu− 3ρxxux − 3ρxuxx − ρuxxx.
Multiplying the above equation by 2ρxx, integrating them over Ω, and using Lem-
mas 2.7 and 2.6, we find that
d
dt
∫
ρ2xxdx
=− 5
∫
ρ2xxuxdx− 6
∫
ρxρxxuxxdx− 2
∫
ρρxxuxxxdx
≤5‖ux‖L∞
∫
ρ2xxdx+ 6‖ρx‖L∞‖ρxx‖L2‖uxx‖L2 + 2‖ρ‖L∞‖ρxx‖L2‖uxxx‖L2
≤C
∫
ρ2xxdx+ C
∫
u2xxxdx+ C. (2.41)
Applying ∂x to (1.2), integrating them over Ω, and using Lemmas 2.6 and 2.7,
we infer that
‖uxxx‖L2
≤
∥∥∥∥(ρu)xt +
(
ρu2 + P +
1
2
|b|2
)
xx
∥∥∥∥
L2
≤
∥∥∥ρxut + ρuxt + ρxuux + ρu2x + ρuuxx + ρxxθ + 2ρxθx
+ ρθxx + b · bxx + |bx|2
∥∥∥
L2
≤‖ρx‖L2‖ut‖L∞ + ‖ρ‖L∞‖uxt‖L2 + ‖ρx‖L2‖u‖L∞‖ux‖L∞
+ ‖ρ‖L∞‖ux‖2L4 + ‖ρ‖L∞‖u‖L∞‖uxx‖L2 + ‖θ‖L∞‖ρxx‖L2
+ 2‖ρx‖L∞‖θx‖L2 + ‖ρ‖L∞‖θxx‖L2 + ‖b‖L∞‖bxx‖L2 + ‖bx‖2L4
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≤C‖ut‖L∞ + C‖uxt‖L2 + C + C‖ρxx‖L2 + C‖ρx‖L∞ + C‖θxx‖L2
≤C‖uxt‖L2 + C + C‖ρxx‖L2 + C‖θxx‖L2.
Inserting the above estimates into (2.41), and using Lemma 2.7 and the Gronwall
inequality, we get ∫
ρ2xxdx+
∫∫
QT
u2xxxdxdt ≤ C.
Since
ρxt = −(ρu)xx,
it is easy to show that∫
ρ2xtdx ≤C
∫
(ρ2u2xx + ρ
2
xu
2
x + ρ
2
xxu
2)dx
≤C
∫
(u2xx + ρ
2
xx)dx+ C‖ux‖2L∞
∫
ρ2xdx ≤ C.
Finally, noting
ρtt = −(ρu)xt = −(ρtu+ ρut)x = −(ρxtu+ ρtux + ρxut + ρuxt),
it holds that∫∫
QT
ρ2ttdxdt ≤C‖u‖2L∞(QT )
∫∫
QT
ρ2xtdxdt+ C‖ρt‖2L∞(QT )
∫∫
QT
u2xdxdt
+ C‖ρx‖2L∞(QT )
∫∫
QT
u2tdxdt+ C‖ρ‖2L∞
∫∫
QT
u2xtdxdt
≤C
∫∫
QT
(ρ2xt + u
2
x + u
2
t + u
2
xt)dxdt
≤C + C
∫∫
QT
u2xtdxdt ≤ C.

Lemma 2.9. ∫
ρθ2t dx+
∫∫
QT
|(κ(θ)θx)t|2dxdt ≤ C. (2.42)
Proof. Applying ∂t to (1.5) gives
ρθtt + ρuθxt − (κ(θ)θx)xt
=2(uxuxt + wxwxt + bxbxt)− puxt − ptux − ρtθt − ρtuθx − ρutθx.
Multiplying the above equation by κ(θ)θt =
(∫ θ
0 κ(ξ)dξ
)
t
, integrating them over
Ω, and using (1.1), (κθt)x = (κθx)t, Lemmas 2.7 and 2.8, we infer that
1
2
d
dt
∫
ρκ(θ)θ2t dx+
∫
|(κθt)x|2dx
=
1
2
∫
ρθ2t (κ(θ))tdx+
1
2
∫
ρuθ2t (κ(θ))xdx
+ 2
∫
(uxuxt +wx ·wxt + bx · bxt)κ(θ)θtdx
−
∫
(Puxt + Ptux + ρtθt + ρtuθx + ρutθx)κ(θ)θtdx
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≤1
2
‖(κ(θ))t‖L∞
∫
ρθ2t dx+
1
2
∫
ρθ2t dx‖u‖L∞‖(κ(θ))x‖L∞
+ 2(‖ux‖L2‖uxt‖L2 + ‖wx‖L2‖wxt‖L2 + ‖bx‖L2‖bxt‖L2)‖κ(θ)θt‖L∞
+ (‖P‖L∞‖uxt‖L2 + ‖ρt‖L2‖θ‖L∞‖ux‖L∞
+ ‖√ρθt‖L2‖
√
ρ‖L∞‖ux‖L∞) ‖κ(θ)θt‖L∞
+
∫
(ρu)xκθ
2
t dx+ ‖ρt‖L2‖u‖L∞‖θx‖L2‖κ(θ)θt‖L∞
+ ‖√ρut‖L2‖
√
ρ‖L∞‖θx‖L2‖κ(θ)θt‖L∞
≤C‖κ(θ)θt‖L∞
∫
ρθ2t dx+ C‖θxx‖L2
∫
ρθ2t dx
+ C(‖uxt‖L2 + ‖wxt‖L2 + ‖bxt‖L2)‖κ(θ)θt‖L∞
+ C(1 + ‖√ρθt‖L2)‖κ(θ)θt‖L∞ −
∫
ρu(kθ2t )xdx. (2.43)
Noting that
‖κ(θ)θt‖L∞ ≤C
(∫
ρκ(θ)|θt|dx+ ‖(κ(θ)θt)x‖L2
)
≤C
(
1 +
∫
ρκ(θ)θ2t dx+ ‖(κ(θ)θt)x‖L2
)
, (2.44)
and
−
∫
ρu(κ(θ)θ2t )xdx
=−
∫
ρu(κ(θ)θt)xθtdx −
∫
ρuκ(θ)θtθxtdx
≤‖u‖L∞‖√ρθt‖L2‖
√
ρ(κ(θ)θt)x‖L2
+ ‖u‖L∞‖√ρθt‖L2
∥∥√ρ[(κ(θ)θt)x − κ′(θ)θxθt]∥∥L2
≤C‖√ρθt‖L2‖(κ(θ)θt)x‖L2 + C‖
√
ρθt‖2L2‖θx‖L∞
≤C‖√ρθt‖L2‖(κ(θ)θt)x‖L2 + C‖θxx‖L2‖
√
ρθt‖2L2 . (2.45)
Inserting (2.44) and (2.45) into (2.43) and using the Gronwall inequality, we
arrive at (2.42). 
Lemma 2.10. ∫
θ2xxdx +
∫∫
QT
θ2xxxdxdt ≤ C. (2.46)
Proof. It follows from (2.39) and (2.42) that∫
θ2xxdx ≤ C. (2.47)
It is easy to verify that∫ T
0
‖θt‖2L∞dt ≤
∫ T
0
‖κ(θ)θt‖2L∞dt ≤ C
∫ T
0
‖(κ(θ)θt)x‖2L2dt+ C ≤ C. (2.48)
Since
κ(θ)θxt = (κ(θ)θt)x − κ′(θ)θtθx,
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by applying (2.48) and Cauchy inequality, we have∫∫
QT
θ2xtdxdt ≤C
∫∫
QT
κ2(θ)θ2xtdxdt
≤C
∫∫
QT
|(κ(θ)θt)x|2dxdt+ C
∫∫
QT
(κ′(θ))2θ2t θ
2
xdxdt
≤C + C
∫ T
0
‖θt‖2L∞‖θx‖2L2dt
≤C + C
∫ T
0
‖θt‖2L∞dt ≤ C, (2.49)
Applying the operator ∂x to (1.5) gives
κ(θ)θxxx =− 3κ′(θ)θxθxx − κ′′(θ)θ3x − 2(λuxuxx + µwx ·wxx + νbx · bxx)
− ρxθt − ρθxt − (ρuθx)x − (ρθux)x,
whence∫
θ2xxxdx ≤
∫
κ2(θ)θ2xxxdx ≤ C
∫
θ2xθ
2
xxdx+ C
∫
θ6xdx
+ C
∫
(u2xu
2
xx + |wx|2|wxx|2 + |bx|2|bxx|2)dx
+ C‖ρx‖2L∞
∫
θ2t dx+ C‖ρ‖2L∞
∫
θ2xtdx+ C‖ρu‖2L∞
∫
θ2xxdx
+ C‖ρx‖2L∞‖u‖2L∞‖θx‖2L2 + C‖ρ‖2L∞‖ux‖2L∞‖θx‖2L2
+ C‖ρx‖2L∞‖θ‖2L∞‖ux‖2L2 + C‖ρ‖2L∞‖θx‖2L∞‖ux‖2L2
+ C‖ρ‖2L∞‖θ‖2L∞‖uxx‖2L2
≤C + C
∫
θ2t dx+ C
∫
θ2xtdx, (2.50)
by Lemma 2.7, Lemma 2.8 and Lemma 2.9.
The estimates (2.48), (2.49) and (2.50) imply∫∫
QT
θ2xxxdxdt ≤ C.

By combining all the estimates obtained above, we get sufficient a priori estimates
uniformly with δ to take the limit δ → 0+ and then extend the local strong solutions
to be global one. Since the process is standard [6,11], we omit them here for brevity.
Hence the proof of Theorem 1.1 is completed.
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